The noncovariant gauges in 3-form theories 
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We study the 3-form gauge theory in the context of generalized BRST formulation. We construct 
the finite field-dependent BRST (FFBRST) symmetry for such a theory. The generating functional 
for 3-form gauge theory in noncovariant gauge is obtained from that of in covariant gauge. We 
- - - further extend the results by considering 3-form gauge theory in the context of Batalin-Vilkovisky 

I (BV) formulation. 
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Calculations in the gauge field theory have been done in variety of gauges depending on the case and 
' convenience of the calculation. The gauge theories in noncovariant gauges have been a subject of wide 

research due to certain advantages in these gauges particular, the confinement problem of QCD 

in Coulomb gauge superstring theory in light-cone gauge @ are more tractable and the ultraviolet 
flniteness of supersymmetric Yang-Mills theory are more transparent in noncovariant gauges @ . 

In this present work we would like to show how noncovariant gauge formulation of Abelian 3-form 
pH . gauge theory can be developed by making a connection of the same theory in covariant gauge. The 

quantization of the higher form gauge theories is very important as these fields play the important roles 
in the excitations of the quantized versions of strings, superstrings and other extended objects 0-0- 
Recently, the BRST and BV quantizations of Abelian 3-form gauge theory in covariant gauge have been 
studied extensively (Toj . 

O^l ' We show in this work how the generating functional of 3-form gauge theory in covariant gauge is related 

to that of in the noncovariant gauges by using FFBRST transformation. The FFBRST transformation 
of this theory is constructed by making the infinitesimal parameter finite and field-dependent. The 
FFBRST transformations are very useful in connecting different effective theories and hence found many 
' applications |ll| - [l9l . Such a generalized BRST transformation has also been studied in the context of 

BV formulation (l7l [20| . We consider axial gauge in this work as an example of noncovariant gauge. 
However, our results are general and are valid for any noncovariant gauge. We further show the mapping 
between the generating functionals of 3-form gauge theories in covariant and noncovariant gauge in BV 
formulation also. 



■ The plan of the paper is as follows. We start with a brief discussion of Abelian 3-form gauge theory 

in Sec. II. The section III is devoted to generalization of BRST transformation. In Sec. IV, we show 
the connection between the Abelian 3-form gauge theories in covariant and noncovariant gauges. The 
BV formulation for such a theory is discussed in section V. The last section is reserved for concluding 
remarks. 



II. ABELIAN 3-FORM GAUGE THEORIES 

We start with the classical action for the Abelian 3-form gauge theory [l^ in (1 -I- 5) dimensions as 

^0 = ^ / d'x H.^.^H^-'^^, (1) 
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where the field strength (curvature) tensor in terms of totaUy antisymmetric tensor gauge field Bf^^jj is 
defined as 

H ^urix dfj^Biyj^^ dijBjj^^ -\- djjB^^ij d^B ^^^j. (2) 
This Lagrangian density is invariant under the infinitesimal gauge transformation defined as 

SBf^yri ~ d^Xuri + diiXrifi + 9,jA^,y, (3) 

where A^^ is an arbitrary antisymmetric parameter. To incorporate the BRST symmetry in this system, 
we extend the action by introducing the following covariant gauge-fixing and ghost terms as [lOi] : 



Sgf+gh = I d X 



d^B^'^'^B,^ + is^.^^"- + {d^d^r, + d,c^^ + a^a^.)9^c'"' 

- {d^^u ~ dj^)d^'l3'' - BB2 - \bI + {d,,cr)f. ~ (d^^cnF. 

+ a^S25^C2 + - F^.F^ + ^^.|3''B2 + d^^^B, - OJ'^b'] , (4) 

where antisymmetric ghost field c^i/ and antisymmetric antighost field c^j/ are fermionic in nature and 
the vector field 0^, antisymmetric auxiliary fields B^^,B^^ and auxiliary fields B,Bi,B2 are bosonic in 
nature. Rest of the fields ff^ffi, and are auxiliary Grassmannian fields. 
The complete effective action for Abelian 3-form gauge theory is then written as 

Seff = So + Sgf + gh- (5) 

This effective action (Seff) is invariant under following BRST transformation: 

SbB^, = -idJ,~d,f^)5A, SbP^ = -F^SA, 

SbPf. = -d^c2SA, SbF^ = -d^^BSA, 

SbC2 = B2SA, Sbffj, = d^BiSA, 

SbCi = -B6A, 5b(j)f, = -ffj.6A, 

6bdi ^ BiSA, 6bM = 0, 

M = {c2j^,F^,B,BuB2,B^,}, (6) 

where SA is infinitesimal, anticommuting and global parameter. The gauge-fixing and ghost part of the 
effective action, Sgf+gh , is separately BRST invariant and is written in terms of BRST variation of the 
gauge- fixed fermion (^l) as 



Sgf+gh = Sfc^-L^Sb J <fx[-d^,Cu^B^''''-]^i2B+]^ciB2 



- isiBi - c^'d^P, - d^C2P^ + ^d^.B'^" - F^^^ ~ (7) 
where the expression for is given as 

*L = y" d'^x ijL = J d^xi-d^c^^B'^''^ - h2B + iciB2 - hiBi - c^'^d^p, 

- d^C2P^ + \^^.B^^ ^ F^p^- r^^]. (8) 
The generating functional for such a theory is defined in the path integral formulation as, 

Zeff = jv4>e'^^", (9) 
where 2?0 is the path integral measure which includes all the fields 0, generically. 
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III. GENERALIZED BRST FORMULATION OF ABELIAN 3-FORM GAUGE THEORY 

The properties of the usual BRST transformation in Eq. ([6|) do not depend on whether the parameter 
(5 A is (i) finite or infinitesimal, (ii) field-dependent or not, as long as it is anticommuting and space-time 
independent. These observations give us a freedom to generalize the BRST transformation by making 
the parameter, SA finite and field-dependent without affecting its properties. Such generalized BRST 
transformation is known as finite field-dependent BRST (FFBRST) transformation pJL] . To generalize the 
BRST transformation we start by making the infinitesimal parameter field-dependent with introduction 
of an arbitrary parameter k (0 < k < 1). We allow the fields, (/)(a;, k), to depend on k in such a way that 
4>ix, K = 0) = <j){x) and (j){x, n = 1) = (j)'{x), the transformed field. 

The usual infinitesimal BRST transformation, thus can be written generically as 

d4>{x,K) ~ Sb[4>{x, K)]Q'[(j){x, K)]dK (10) 

where the Q' [<j)[x , Hi)\dK is the infinitesimal but field-dependent parameter. The FFBRST transforma- 
tion with the finite field-dependent parameter then can be constructed by integrating such infinitesimal 
transformation from k = to k = 1, to obtain 

0' = 0(x, K = 1) = <j){x, K = 0) + Sb[(l){x)]Q[(j){x)] (11) 

where 

e[0(x)] = / dn'Q'[<l){x,K')], (12) 
Jo 

is the finite field-dependent parameter (TTj . 

The FFBRST transformation is constructed in this case as follows: 

SbB^^,, = -{d^c^jj + duCru, + a,,c^^)e[(/)], 

5bB^, = -(a^/,-a,/^)e[0], 

5b~C2 = B2Q[<t>l Sbj^,^^^BlQ[4>l 

Sbci = -sen, Sb^}^ = -/^e^, 

SbCi = i3i6[(/)], Sb-cu = 0, 

w = [c2,U,Ff,,B,Bi,B2,B^,], (13) 

Such an off-shell nilpotent BRST transformation with finite field-dependent parameter is the symmetry 
of the effective action in Eq. However, the path integral measure in Eq. ^ is not invariant under 
such transformation as the BRST parameter is finite in nature. 

The Jacobian of the path integral measure for such transformations is then evaluated for some particular 
choices of the finite field-dependent parameter, 0[(/)(x)], as 

V(j)' = J{K)V(j}{K). (14) 

The Jacobian, J{k) can be replaced (within the functional integral) as 

J{k) ^ exp[iSi[(j){x,K)]] (15) 
iff the following condition is satisfied 11] 

J Vc^ix) 



1 dJ .dSiYpyx^ k)\ 
J dn dn 



exp [i{Seff + Si)] = 



(16) 
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where Si [(/)] is local functional of fields. 

The infinitesimal change in the J{k) is written as 



1 dJ 
J dn 



±Si,4){y,K) 



d(j){y,K) 



where ± sign refers to whether (/> is a bosonic or a fermionic field. 

By constructing appropriate 0, we can change 5*1 in such a manner that Seff 
effective action. 



(17) 



5*1 becomes a new 



IV. 3-FORM GAUGE THEORY IN NONCOVARIANT GAUGE 

To obtain the generating functional for 3-form gauge theory in noncovariant gauge we construct the 
infinitesimal field-dependent parameter as 

Q' = ij f d^yi-d^^d^Bf^"'^ + S.^r,^B^"' + c^.d^^-" - c^^v^^" " cz^^/?'' + C2V^.n, (18) 



where 7 is an arbitrary constant parameter. 

Using Eq. P7|) . we calculate the infinitesimal change in Jacobian of functional integral as 

+ (?7m/3- - V.^Md^'P" - Cf^^V^'F" + B2d^l3^ - 5277^/?'' " £28^,8^02 + 021^^,8^02] . (19) 

The Jacobian J can be written as e^^^ when the condition ([T6|) is satisfied. We make the following ansatz 
for functional Si in this case: 



Si ^ j d''x[ei(K)B„,9^B^''''+6(«)5.^r,,,S'^'^''+6(«)5''(a^c,„ + 9,c^^ + a^c^,)c'"' 
+ e4('^)r?"(a^c,^ + d^c^^ + 9^c^.)S'^" + Un){8^i3. - 9./3^)9''/3" 

+ ^9(^)529^/3'' + ao('t)B277M/5^ + 6i(«)£2a^a^C2 + ^l2{^^)~C2^1^.8^C2]. (20) 



Now, the condition dT6l) yields 

^0(^) [{i'l + l)B.nd^.B'^"'' + (^2 - 7)S.^'7m-B'^'^" + (^3 + 7)8''{d^.c,r, + d,c„,, + 8^c^,)c''^ 
+ (^4 - 7)^^(5pc,„ + d,c^^ + d^c^^y"^ + (e^ - i){8j, ~ 8j^)d^(3-' 
+ (a + l)M ~ V.Md^P" + (Ct + iK.d^F'' + (e^ - ly^^uri^-F- 
+ (^9 + l)B2d^P^ + (Cio - l)B2Tlf.P^ + (Cn - l)c28^.d^'c2 + {£,'12 + l)c2r}^8^^C2 

- /3.„a^(a^c'"' + a'-c"^ + a''c^'^)e'(6 - 6) - P.^vt^id'^c'-^ + s'^c"'' + a''c^'^)e'(6 - ^4) 

- (5,,/^, - a.F^)5^r e'(e5 + Cr) - - V.F^)d''f3''Q'{£e + Cs) 

- B28^8^c2e'{£9 + 61) - B2V^8^c2e'{£w + 62)] - 0. (21) 
The nonlocal {&' dependent) terms will vanish if the following conditions are satisfied: 

- 6 = 6 - ^4 = a + ^7 = + = eg + Cii = Cio + ^12 = 0. (22) 
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Equating the L.H.S. and R.H.S. of the Eq. (pi]) we get the following differential equations: 





+ 7 


= 0, 


^2- 


7 = 


0, 




+ 7 


= 0, 




7 ^ 


0, 




- 7 


= 0, 




7 = 


0, 




+ 7 


= 0, 




7 = 


0, 




+ 7 


= 0, 




- 7 = 


= 0, 


^11 


-7 


= 0, 




f 7- 


= 0. 



(23) 



The solutions of the above differential equations satisfying the initial conditions, i.e. ^^(k = 0) — (i 
1,2,..., 12), are 



6- 




6 


= 7«:, 


6- 


-7K, 




= 7«:: 


^5 


= 7«:: 




-7K, 


6 = 


-"fK, 


^8 


= Jl^, 


6 = 


-7K, 








= IK, 


62 = 


— 7K 



(24) 

Plugging back these values, the expression of 5*1 given in Eq. (^0)) becomes 

5i = y"d6a;[-7KB,^a^B^''"+7KB„,77^B^'"'-7K5^(a^c,^ + a,c^^+5^c^,)£'"' 

- -iKc^ud^F" + 7Kc^,77^F'^ - lnB2d^^'' + -fKB^v^P^ + 7^223^ a^C2 - 7'«52r/pa''c2] . (25) 

We consider the arbitrary constant 7 = 1 in the above expression without any loss of generality and by 
adding the expression (j25p at k = 1 to the effective action for 3-form gauge theory in covariant gauge, 
we get 



Sejf + Si{k^I)^ j (fx 



+ (9^5.^ + + a,c^,)7,^c'"' - (7,^/3, - VuPt^d^'P" - BB2 
- \bI + [d^cniu + Ct.u^F'' - C2Vt.d^C2 + /^/^ - F^F^^ 

+ 77^/3^52 + - a^i^s] . (26) 

This is nothing but the 3-form effective action in noncovariant gauge. 

We end this this section by making the comment that the noncovariant gauge formulation of 3-form 
gauge theory is obtained from covariant gauge formulation of the same through a FFBRST transforma- 
tion with appropriate finite field dependent parameter. Even though we have established the connection 
between generating functionals in Lorentz (covariant) gauge and in axial (noncovariant) gauge our formu- 
lation is valid for the connection between generating functionals in any covariant and in any noncovariant 
gauges. 



V. MAPPING OF COVARIANT AND NONCOVARIANT GAUGES IN 3-FORM GAUGE 

THEORY: BV FORMULATION 



In this section, we consider the BV formulation for Abelian 3-form gauge theory to reestablish the 
results of the previous section. For this purpose we express the generating functional in Eq. Q in 
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field/antifield formulation by introducing the antifield (fi* corresponding to each generic field with 
opposite statistics, as 



24 

- F;d^B^~f;d^B^+dJ^B2 + cJ{B^-c\B-cj,lf^Y\. (27) 
This further can be written in compact form as 

Ze// ^ I Vcj) e^W'*!,^^*), (28) 



where W^, is an extended action for Abelian 3-form gauge theory in the covariant gauge corre- 
sponding to the gauge-fixed fermion ^ l (Eq. ([8])) having Grassmann parity 1 and ghost number —1. 

The generating functional Z^ff does not depend on the choice of gauge- fixed fermion [21]. This ex- 
tended quantum action, W^,^ (</>, (/>*), satisfies certain rich mathematical relation which is called quantum 
master equation ^25] and is given by 

^ A = -^^(-1)^+1. (29) 

The antifields 0*(= ^^^) corresponding to the each generic field (p for this particular theory are obtained 
from the gauge-fixed fermion as 

B* = -d c c* = -d B B* ^ -c 
~cl^-\B + d,p^^, c\ = \b2. c\^-\bi, 

B*2 = \ci, {b;,,f;j;,4} = o. (so) 

Now, we construct the field-dependent parameter written in field/antifield formulation as 

e'^tjj <fy[-Bl,,^B^^'^^' + Bl^^B^^^^' - cl,c^^ + c^c^^ - (31) 

where bar fields are the antifields corresponding to the fields satisfying axial (noncovariant) gauge-fixing 
condition. Under the FFBRST transformation with such field dependent parameter, the path integral 
measure is not invariant and give rise to a factor which is written as e*"^^ , and the expression for functional 
S\ is calculated using Eqs. ([TE)) . (IT71) and (PT|) as 



- ncl^id^P'^ - d'^n + «c*,(9''/?'' - d^pn ~ Kc%B^'^ + kI^B^'^ 

- kpIf" + KF*d''B - Kp^d^'B - K^^d^Bi + - Kd*B2 

+ kIIB2 - Kc\Bi + Kc[Bi + Kc\B - Kc\B + Kcjilf^" - k4)IF] . (32) 
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The transformed generating functional in BV formulation is given by 



7' 



V(f> e 



i{W<s,,+Si{k=1)} 



J V(j) e'^-^A . 



(33) 



Z'^^ f is the generating functional for Abelian 3-form gauge theory in the axial gauge with gauge-fixing 
fermion 



(34) 



The extended action for 3-form gauge theory in axial gauge also satisfies the quantum master 

equation (j29p . This result is also true for the connection of generating functionals in any covariant and 
noncovariant gauges in BV formulation. 



VI. CONCLUSIONS 



The 3-form gauge theory in noncovariant gauge has been developed with the help of the finite field 
dependent BRST transformation. Usual BRST transformations have been generalized to the case of 
Abelian 3-form gauge theory in covariant gauge. The generating functional for this theory is shown to 
be connected to that of in the noncovariant gauge through FFBRST transformation. We established this 
connection by constructing appropriate finite field dependent BRST parameter. Thus, our formulation 
enables to study the 3-form gauge theory in noncovariant gauges by this connection. We further extend 
these results in the context of BV formulation. It will be interesting to see how the different Green 
functions are related in different gauges for this theory. 
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